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ABSTRACT

The implications of nuclear matter equation of state measurements
for a quark matter phase transition are discussed. The possibility
of detecting such a phase transition by looking for changes in the
pattern of collective flow associated with heavy ion collisions 1s

pointed out.

In this talk I will suggest some reasons why it is important to measure
the equation-of-state of compressed nuclear matter, and will describe some
simple ways to deduce the consequences of a particular equation of state. The
main focus of my remarks will be the idea that at sufficiently high baryon
number densities nuclear matter makes a transition to a Fermi gas of quarks.
Indeed, 1t was just a 1ittle over eight years ago in a paper contributed to
the 3rd High Energy Heavy lon Study that I suggested that possibly the most
interesting reason for studying relativistic heavy 1on collisions 1s to look
for the transient formation of quark matter. The same idea independently
occured to Arthur Kerman about the same time, and our ideas are documented in
a Lawrence Livermore Laboratory repor"l:..l Our suggestions were inspired by
the brilliant observation of Collins and Perry2 that as a consequence of
asymptotic freedom the quarks in nuclear matter will be deconfined at very
high baryon number densities. We note in this connection that at very high
baryon number densities the interaction between quarks 1s characterized by a

coupling strength3



o« = x 1
( 22 - 4N ln(kF/AF)

where N is number of different kinds of quarks, kF is the Fermi momentum and
AF is a constant.

Whether the transition from compressed normal nuclear matter is to quark
matter is smooth or discontinuous is unknown at the present time. However, 1f
the equation-of-state of compressed nuclear matter 1s fairly stiff then it
follows from the Maxwell construction (Fig. 1) and the fact that the equation
-of -state of quark matter is fairly soft4 that the transition is a first
order phase transition. Indeed, using a typical phenomenological equation of
state (e.g. Bethe-Johnson equation-of-state) one obtains a phase transition at
zero temperature l1ike that shown in Fig. 2. 1In Tahle I we 1ist the baryon
number densities where the phase transition occurs at zero temperature for
several theoretical nuclear matter equations of state. It can be seen that
the phase transition typically occurs in the density regime of 3-15 times the
density of ordinary nuclei. At finite temperatures the transition would be
expected to occur at somewhat lower baryon number densities but be
qualitatively the same as the zero temperature case.

As a matter of historical interest I might mention that I was first
motivated to suggests that the transition from normal nuclear matter to
quark matter is a first order phase transition by the fact that Mott
transitions in cold materials are 1n all known cases first order
transtitions. Whereas the ionization of atoms resulting from a rise in
temperature 1s a smooth transition, the delocalization of electrons in cold
materfals resulting from an increase in pressure apparently is always
accompanied by a phase transition.

Whether the actual equation of state of hot compressed nuclear matter 1is
similar to any of the equations of state referred to in Table I remains to be
seen. However, the determination of the equation of state of compressed
nuclear matter at densities up to a few times that in ordinary nuclei might be
considered to be the most important objective of Becalac research.
Preliminary 1nd1cat1ons6 are that the equation of state is fairly stiff and
would lead to a first order phase transition.



In order to estimate the beam energies needed to produce baryon number
densities 1ike those shown in Table I one may use the simple shock wave model
{1lustrated in Fig. 3. Here the compressed material 1s at rest in the center

of mass system and the velocity B = v/ ygn—llyc". In this frame of reference
the equations for conservation of energy, momentum, and baryon number take the

form
efs = Yoy & (B + BS) (1)
P = You &(B + Bg) (1b)
ny Bg = Yeu M(B + Bg) (1€)

Dividing (1a) by (1c) one obtains

—a =Y (2)
n mcz CM
2
j.e. the energy per baryon in the compressed state is simply Yen-
Dividing (1b) by (1c), and assuming that the equation-of-state of nuclear
matter has the form
p=(v-1)(e - nmc?) (3)
we find that
n
2 1 (4)

£ o N
ny T vl Yeu * o

It should be noted that the baryon number compression is a 1inear
function of Yeu Also Eq.(4) provides a simple estimate of how the
stiffness v of the equation-of -state affects the maximum baryon number
density that one can attain in a central collision.

As another application of Eq's.(1) one can suppose that the compressed
material 1s quark matter whose equation of state is of the form

p=3(e-48) |, (s)



where B 1s the "bag constant.® In this case, the baryon number compression 1s
given by,

n
2 3 B

05 = 4y -—1-—) (6)
n1 CM \YCH ( e1 -

For center of mass kinetic energies per baryon in the range 2 - 5 GeV the
corresponding baryon number densities 1ie in the range 12 - 24 times normal
nuclear density. As can be seen from Table I this is very 1ikely within the
range of baryon number densities expected just above a quark matter phase
transition.

Before going on to discuss how one might detect such a phase transition
in heavy ifon collisions I would 11ke to mention that there is a cloud on the
horizon regarding the possible existence of quark matter phase transition. In
the last two years a new paradigm has emerged for nuclear physics, based on
the non-1inear meson theory of Skyrme.7 Witten has shown8 that Skyrme's
soliton solution is a fermion with baryon number = 1. This new paradigm
allows one to calculate nucleon-nucleon forces and the equation-of-state of
compressed nuclear matter. The somewhat suprising outcome of initial
ca\cu]at1ons9 for nuclear matter 1s that the equation of state is very
soft--in fact, almost identical to that for quark matter; 1.e. e ~ n“3
for large n. Therefore, there is no first order phase transition to quark
atter. One apparent defect of the Skyrme model for a nucleon is that it is
not consistent with asymptotic scaling, 1.e. the existence of free quarks at
small distances. Whether the addition of quarks to the Skyrme model (for
example, in the form of a chiral bag) will restore the quark matter phase
transition remains to be seen.

At this point it should also be remembered that there 1s one constraint
on the equation of state of compressed nuclear that follows from observational
astrophysics: namely, the maximum mass of a neutron star. The general

relativistic equilibrium condition for uniform density star 1s1°:

p/e = E(x) (7)
where x is related to the mass M and radius R of the star By s1n2x =
26m/c2R and
- 3cosx R

9/2 cosx - sinaxl(x - sinx cosx)

4~
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As shown by Chandrasekhar ~ any star becomes unstable when the adiabatic
- dinpP

index vy = dinn falls below a certain critical value, and he gave
some numerical estimates of this critical adiabatic index for several values
of Xx. Using the uniform density model Michael Nauenberg and I were able to

derive an accurate analytic approximation for the critical adiabatic 1ndex1°:
Y. = (E +1) ’] +ﬂ-§2+ 1) ['i;; tanzx - ‘I” (8)
Given the existence of a critical adiabatic index it 1s a simple matter to
‘show that the mass of a cold star is bounded by1°:
1/2
" < 1/3 1/2 23 3/2 |1 - (Eg,+ ‘)’!g sinax . (9)
£ c .
2 \8«x 6 e. - P /vz
1 1" %¢

where vc is a critical value for the speed of sound such that (1 + 1/;c)

vi = Y- The values of e and P, are measured values of the energy density
and pressure. In the case of neutron stars one would use the energy density
and pressure of compressed nuclear matter corresponding to the highest baryon
number density for which experimental values are confidently known. An
example of how this scheme works 1s shown in Table II. The parameter vc is
actually unknown, but in any case 1s less than ¢, yielding a maximum mass of
approximately 3“9' The important point for us 1s that neutron star masses
s].SHe have been obser'ved.l2 so that one has a significant constraint

on the equation of state of compressed nuclear matter.

* As a particular application of this constraint the pure Skyrmion'
equation-of-state appears to be ruled out. However, an equation of state
which 1s Bethe-Johnson-11ke up to a few times normal nuclear density and
Skyrmion-1ike at higher densities would be marginaly consistent with the
observed neutron star masses.9 Therefore, at the present time neutron star
masses do not be themselves tell us whether a first order quark matter phase
transition occurs.

It 1s interesting, though, in this connection to inquire whether quark
matter might occur inside neutron stars and whether stars made primarily of
quarks might exist.‘s The range of possibilities, assuming that the energy
density of nuclear matter e = an2 + mncz, is shown in Fig. 4. One
conclusion 1s that free quarks will not occur at the center of neutron stars

unless A is at the lower end of its range of plausible values,

~5-



corresponding to a phase transition at less than 10 times normal nuclear
density. As for pure quark stars one finds from Eq.(5) that yc = 2.26

and from Eq.(6) that M £ 0.1 “;zﬂe- so that typically quark stars are less
massive than neutron stars. Quark stars also have a minimum mass;
corresponding to the curve in Fig. 4. Indeed, for plausible values of a and
v quark stars cannot exist at all. In any case, we disagree with the recent
suggestion of Witten that Jupiter-sized chunks of quark matter might exist in
nature.

Let us now turn to the question of how one would defect a first order
quark -phase transition during relativistic heavy fon collisions. The question
of how one would detect the transient presence of quark matter in the baryon
rich region during the collision of two heavy nucleil has been previously
discussed by Hdrst Sthker.‘“ I would 11ke to suggest that one should look
for the effect of a first order phase transition on the flow of nuclear matter.

As a test of this idea a colleague, Alex Granik, and I have studied how a
first order phase transition affects the deflection of a relativistic flow by
an oblique shock wave. As is well knoun.15 supersonic flow around a sharp
pointed object involves a conical shock wave (Taylor and Maccoll, 1933); while
supersonic flow around a blunt object involves a detached shock, which is
normal to the flow in front of the object and trails away at the Mach angle at
large distances from the object (See Fig. 5). Locally, the deflection of flow
by the blunt object may be modeled as the deflection of the flow by an oblique
shock wave. As one varies the inclination of the shock with respect to the
direction of incoming flow then the deflection of the flow by the oblique
shock will increase from zero at normal incidence, reach a maximum and then
decrease again. As 1s evident from Fig. 5 the maximum deflection by an
oblique shock will be a measure of the maxumum deflection by a blunt object,
and therefore (hopefully) indicative of the deflection one would obtain in a
realistic treatment of heavy 1on collisfons. (Since there i1s a stagnatfion
point directly in front of the blunt body, we have in mind that the frame in
which the blunt body 1s at rest can be identified with the center of mass
system for heavy 1on collisions.)

In a reference frame where the oblique shock wave is at rest (Fig. 6) the
energy and momentum conservation equations across the shock take the form



2 2
(Py + ) Yo By, = €,7.7By,
- 2 2 2 2
Py + (Py +8)) Yo By = &5 vy By (10)

2 2
(Py + €3) vy BopPay = € Y By Byt

where P2 and e, are the pressure and energy density behind the shock,

B]n and BZn are the velocities normal to the shock, and BIt BZt are

the velocities parallel to the shock. In writing these equations we have
assumed that P.l = 0 and e, = e, where e, = 0.15 GeV/fm3 1s the

energy density of cold normal density nuclear matter. If we assume that the
material behind the shock 1s quark matter described by a bag model equation of
state, P = % (e - 4B), then Eqs. (10) reduce to a quadratic equation for

: BZn’Bln whose solution 1516

2 1/2
2 B 4 _B | 1
(8,./8,.) = 1T+ — - 1+ -1 +— . {(1V)
2n" “In’quark 3( euz) 9( euz) 3 ( u]:)

o in o1n

where U]“ = Bln71' If the material behind the shock is compressed
nuclear matter described an equation of state of the Bethe-Johnson form (3)
then one obtains a cubic equation for the ratio BZn/Bln'
Given a solution for BZn/BIn as a function of the shock inclination
angle @, one can use the geometric identity BZn/BIn = (BZx - Bzycot
I)/B] to calculate the "shock polar," 1.e. the curve li.‘_,ylﬂ.I =
f(BZx’BI)' In the case where the material behind the shock 1s quark
matter with the bag model equation of state (Eq. (5)) then the shock polar is

a strophold'®:

2 48 3 2 48 2
y (1 -x) + +(1 -0 -3 - (1 -x)
[ 2] ( (3 20 U z)

seoul 01

1 48 -
r—=—[1-2)00-x) = o 12)
3012 ( eo) ) (

In the ultrarelativistic 1imit U]+ = the shock polar, Eq. (12), becomes a
circle with radius %. A typical shock polar for quark matter along with
the corresponding shock polar for nuclear matter is shown in Fig. 7. the



tangent lines originating at the origin determine the maximum angle of
deflection in the two cases. As indicated by the shaded area the maximum
angle of deflection 1s significantly greater in the case of quark matter than
in the case of nuclear matter. Some numerical results for the maximum angles
of deflection and corresponding shock inclinations are given in Table 3.
These calculations suggest that in the case of heavy ion collisions there will
be a significant increase in the center of mass <PL> for collective
flow when one reaches the quark matter phase transition.

Another possibility for detecting a first order phase transition is
11ustrated in Fig. 8. It was pointed out a long time ago by Hans Bethe
that 1n presence of a first order phase transition there will be some range of
shock strengths for which a single shock wave is unstable. This is actually
easy to see given the fact that the speed of a shock wave 1s given by the
slope of the chord from the initial to final state on the Hugoniot curve. As
{s evident from Fig. 8 i1f the Hugoniot curve has an inflection point at A due
to a phase transition, then a shock wave corresponding to the chord AX will
travel slower than the one corresponding to chord OA. Thus for final states
between A and B a single shock wave 1s unstable to sp1itting into two shocks.
Some detailed calculations 1llustrating this effect have recently been carried
out by Laszlo Csernai and his c:oneagues.‘8 Because the speed of the
Teading shock wave is constant for some range of incoming velocities, one
expects that some observable quantities, e.g. differential cross-sections will
have anomalous behavior for some range of center-of-mass energy.

In conclusion, let me emphasize the potential advantages of a colliding
beam machine for studying the quark matter phase transition in the baryon rich
region. These include 1) with variable center-of-mass energy one {is
considerably less sensitive to uncertainties in the baryon density where the
phase transition occurs; 2) changes in the pattern of collective flow would
be easier to see in the center-of-mass system; 3) signatures visible at low
Tuminosity would be very dramatic evidence of the phase transition. Finally,
I would 1ike to suggest that the demonstration of a quark matter phase
transition 1s more than a parlor trick--in particular, it would probably go a
long way towards distinguishing models 1ike the bag model and the Skyrmion
model and therefore be of genuine scientific value.
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Table |

Bethe-Johnson YH | Pandharipande-Smith Causality limit
A, (MeV) 200 | 300 | 400 | 200 épo 400 | 200 | 300 | 400
P, (10%dynes cm?) 102 | 240 | 368 | - | 41 109 ]| . | 36 | 73
n, (fm2) 149 | 216 | 268 | - | 07 | 11 | - |047 | 050
n, (fm'3) 177|361 607 | - |13 | 30| - |126 | 268
p,(10"®gmem3) | 334 | 660|739 | - |18 | 30| - |080 ] 130
-3.31 1.1 1.6

p.(10'"5gm cm'3)




Table 11

Maximum Mass of a Neutron Star ("o)

P, = 5.10'% g/cm® Py = 1.10'9 g en3
v, may/c P, = 7.10°% dyn cm2 Py = 5.103% dyn cn 2
1.0 3.6 2.6
. 0.75 3.0 2.2
0.50 2.0 1.6
0.25 0.7 unstable

Astrophysical Journal 179, 277 (1973).
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Table III.

Maximum deflection (Gm) of flow by an oblicue shock wave as a

function of incoming kinetic energy (E]). Also shown is the shock

angle (¢m). corresponding to the maximum deflection.

(GeV/A)

1.6
2.0
3.0
4.0
5.0

Nuclear Matter

5.(°)  0,%)
15.5 45,3
14.2 43.4
16.0 46.0
4.2 44.2
2.8  42.9

-13-

Quark Matter (B/eo = 0,45)
6,(°) 4 (%)

27.1 58.9
27.8 -89.9
28.8 60.0
29.2 60.0
29.4 60.0
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FIGURE CAPTIONS

. Maxwell construction, 11lustrating how a hard nuclear matter equation

of state and a soft quark matter equation of state will lead to a
first order phase transition.

. First order phase transition resulting from a typical phenomenological

equation of state for nuclear matter.

. One dimensional model for the shock compression of nuciear matter.
. Equation-of -state parameters fﬁat allow quark stars to exist.

. Supersonic flow around a sphere.

. Coordinate system for an oblique shock wave at rest.

‘N = 3 shock polars for nuclear matter and quark matter: shaded

area indicates increase in deflection that would accompany quark
matter phase transition.

. Instability of a single shock wave where the Rankine-Hugoniot curve

has an infection point.
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Pressure (X 103 dynes/cm?)
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Fig. 2



Shock compression of nuclear matter
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Quarks inside neutron stars —

Quark stars can exist
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RH curve (quark matter)

Slope determines fg
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(nuclear matter)

Fig. 8



